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We consider a single free spin- 1
2
particle. The reduced den-
sity matrix for its spin is not covariant under Lorentz trans-
formations. The spin entropy is not a relativistic scalar and
has no invariant meaning.
PACS numbers: 03.65.Ta, 03.30.+p.
The relationship of thermodynamics to relativity the-
ory has been an intriguing problem for many years [?],
and it took a new twist when quantum properties of black
holes were discovered [?]. In this Letter, we shall inves-
tigate a much simpler problem: the relativistic proper-
ties of spin entropy for a single, free particle of spin 12
and mass m > 0. We show that the usual definition of
quantum entropy [?] has no invariant meaning in special
relativity.
The reason is that under a Lorentz boost, the spin un-
dergoes a Wigner rotation [?] whose direction and mag-
nitude depend on the momentum of the particle. Even if
the initial state is a direct product of a function of mo-
mentum and a function of spin, the transformed state is
not a direct product. Spin and momentum appear to be
“entangled.” This is not a true entanglement, of course,
because they belong to the same particle, not to distinct
subsystems that could be widely separated.
The quantum state of a spin-12 particle can be written,








where the amplitudes ar satisfy
∑
r
∫ jar(p)j2dp = 1.
The normalization of these amplitudes is a matter of con-
venience, depending on whether we prefer to include a
factor p0 =
√
m2 + p2 in it, or to have such factors in
the transformation law as in Eq. (??) below [?]. Fol-
lowing Halpern [?], we shall use the second alternative,
because this is the nonrelativistic notation which appears
in the definition of entropy. We use natural units: c = 1.







The reduced density matrix for spin, irrespective of mo-
mentum, is obtained by setting p0 = p00 = p and inte-




1 + nz nx − iny
nx + iny 1− nz
)
; (3)
where the Bloch vector n is given by
nz =
∫
(ja1(p)j2 − ja2(p)j2) dp; (4)
and
nx − iny =
∫
a1(p)a2(p)dp: (5)
The reduced density matrix  gives statistical predic-
tions for the results of measurements of spin components
by an ideal apparatus which is not affected by the mo-
mentum of the particle. The corresponding entropy is
[?]
S = −tr ( ln ) = −
∑
j lnj ; (6)
where
j = (1 jnj)=2; (7)
are the eigenvalues of  .
Now consider another observer, who moves with a con-
stant velocity with respect to the one who prepared the
above state. In the Lorentz frame where the second ob-













whereDrs is the Wigner rotation matrix [?] for a Lorentz
transformation Λ (explicitly given in Ref. [?], p. 134).
As an example, consider a particle prepared with spin
in the z direction, so that in the Lorentz frame of the pre-
parer a2 = 0. The Bloch vector has only one component,
nz = 1, and the spin entropy is zero. When that particle
is described in a Lorentz frame moving with velocity 
in the x direction, we have, explicitly
b1(p) = K [C (q0 +m) + S (qx + iqy)] a1(q); (10)
b2(p) = K S qz a1(q); (11)
1
where we have used the following notations: qµ =
(Λ−1p)µ is the momentum variable in the original Lorentz
frame, γ  (1− 2)−1/2  cosh,
C  cosh(=2); S  sinh(=2); (12)
and
K  [q0=p0(q0 +m)(p0 +m)]1/2: (13)
The new reduced density matrix  0 is obtained as be-
fore by integrating over the momenta. Consider in par-
ticular the case where a1(p) is a Gaussian (a minimum
uncertainty state):
a1(p) = (2)−3/4w3/2 exp(−p2=2w2): (14)
All calculations can be done analytically. To leading or-
der of w=m  1, we obtain for the new components of
the Bloch vector (defined as above) n0x = n
0
y = 0, and
n0z = 1− (w tanh α2 =2m)2: (15)
In the new Lorentz frame, the entropy is positive:
S ’ t(1− ln t); (16)
where t = w2 tanh2 α2 =8m
2.
Note that  has no covariant transformation law (only
the complete density matrix has one). There is an analo-
gous situation in general relativity: consider a covariant
vector field Fµ(x). The sums Iµ =
∫
Fµd
4x are well de-
fined in every coordinate system. However, one cannot
define for them any transformation law (whether linear or
not) valid for arbitrary nonlinear transformations of the
coordinates. They transform in a way which depends on
the details of the vector field Fµ(x).
It is important to understand how linearity is lost in
this purely quantum mechanical problem. In the present
case, there are no nonlinear coordinate transformations
as in general relativity (the vector p transforms linearly).
Linearity is lost because the law of transformation of spin
components depends explicitly on the momenta p. When
we compute  by summing over momenta in , all knowl-
edge of these momenta is lost and it is then impossible
to obtain  0 by transforming  . Not only linearity is lost,
but the result is not nonlinearity in the usual sense of this
term. It is the absence of any definite transformation law
which depends only on the Lorentz matrix.
Naturally, linearity is still present in a trivial sense.
If  =
∑
cjj , then likewise  =
∑
cjj , and after a










However, even if we know the values of the coefficients
cj , the mere knowledge of the reduced density matrix 
is insufficient to obtain  0 (although the knowledge of the
complete density matrix  does determine 0).
In the case investigated above, the entropy computed
in the moving frame is larger than the entropy in the
original frame, which was zero. This does not mean that
a Lorentz transformation always increases the entropy:
if we have a particle in the state br(p) as the one given
above, with a positive entropy, then an observer moving
in the −x direction with the appropriate velocity would
say that its state is given by as(p). For that observer, the
entropy is zero. It thus appears that the only invariant
definition of entropy is the minimal value of the latter,
in any Lorentz frame. (Likewise, the mass of a classical
particle is defined as the minimal value of its energy, in
any Lorentz frame.)
An interesting problem is the relativistic meaning of
quantum entanglement when there are several particles.
For two particles, an invariant definition of entanglement
would be to compute it the Lorentz “rest frame” where
h∑pi = 0. However, this simple definition is not ade-
quate when there are more than two particles, because
there appears a problem of cluster decomposition: each
subset of particles may have a different rest frame. This
is a difficult problem, which is beyond the scope of this
Letter.
In summary, we have shown that the notion “spin state
of a particle” is meaningless if we don’t specify its com-
plete state, including the momentum variables. It is pos-
sible to formally define spin in any Lorentz frame, but
there is no relationship between the observable expecta-
tion values in different Lorentz frames.
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